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BREDON COHOMOLOGY OF POLYHEDRAL PRODUCTS
QIAOFENG ZHU
Abstract. A polyhedral product is a natural subspace of a Cartesian
product, which is specified by a simplicial complex K. The automor-
phism group Aut(K) of K induces a group action on the polyhedral
product. In this paper we study this group action and give a formula
for the fixed point set of the polyhedral product for any subgroup H of
Aut(K). We use the fixed point data to compute examples of Bredon
cohomolohgy for small non-Abelian groups such as D8 and Σ4.
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1. Introduction
The category of Bredon coefficient systems over a commutative ring R,
denote by CRG, is the category of contravariant functors from the canonical
orbit category of G to the category of R-modules. It is an Abelian category
with enough injectives. Using this category CG, Bredon defined a homology
and a cohomology theory for G-spaces [6]. On the other hand, subspaces
of products have been studied recently which give a natural setting for
Bredon cohomology. One of the purposes of this paper is to calculate
Bredon cohomology of those subspaces for small non-abelian group G such
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as D8, the dihedral group of order 8, and Σ4, the symmetric group of order
24.
Through this paper we will assume that G is a finite group. Given a
G-space X, in order to compute Bredon cohomology, we need to access the
homology of the fixed points sets XH for all subgroups H of G as well as
an injective resolution for a Bredon coefficient system. Unfortunately, both
parts are not easy to obtain in general. Much recent researches, such as [5]
and [11], focus on G = Cpn, the cyclic group of prime power order, and on
a more rigid subcategory of CG such as category of Mackey functors.
On the other hand, given a simplicial complex K on m vertices, the
group Aut(K) is a subgroup of Σm. It naturally acts on the polyhedral
product Z(K, (X,A)) by permuting coordinates. Polyhedral products and
this group action are defined in section 2. In that section, we also defined
the strong quotient of a simplicial complex K with respect to a subgroup
G < Aut(K), denoted by K//G, which is another simplicial complex with
vertex set VG. This construction provides a formula for the fixed point set
of G. One of the main results of this paper is the following fixed point
set theorem. Let OG be the set of orbits of vertices of K under the group
action G. And denote the number of vertex obrits that do not contained
in K by kG = |OG −K|.
Theorem 2.2. Let K be an abstract simplicial complex with vertex set
[m] and (X,A) a based CW-pair. For any subgroup G < Aut(K), G acts
on Z(K; (X,A)). T. Then
Z(K; (X,A))G = Z(K//G; (X,A))×AkG .
Meanwhile, Define the Weyl group WH for any subgroup H of G by
WH = NG(H)/H.
For anyWH-module VHoverQ, Doman in [9], construct an injective Bredon
coefficient system I(VH). In addition, he provide an injective envelope for
any Bredon coefficent system overQ using those injective coefficient system.
Theorem 4.2 ([9]). f : M → ⊕I(VH) is a injective envelope of M , where
direct sum is over all conjugate classes of G.
Details of this theorem are explained in Section 4. With the help of this
theorem, given any Bredon coefficient system over Q, there is a general
method to write down its injective resolution.
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One of the tools for computing Bredon cohomology is the universal co-
efficient spectral sequences.
Theorem 3.1 ([6], [10]). There is a universal coefficient spectral sequence
that converges to Bredon cohomology
Ep,q2 = Ext
p,q
CR
G
(H∗(X),M)⇒ H
n
G(X,M),
and a universal coefficient spectral sequence that converges to Bredon ho-
mology
E2p,q = Tor
CR
G
p,q(H∗(X), N)⇒ H
G
n (X,M).
Combing all the results above, it is possible to compute Bredon cohomol-
ogy of polyhedral products over rationals using universal coefficient spectral
sequences, even for a non-Abelian group. In section 4, we will see examples
of such computations for D8 and Σ4.
In particular, for the constant Q coefficient system, we have the following
result for Bredon cohomology
Theorem 4.7. Let K be the boundary of 3-simplex, the polyhedral prod-
uct Z(K; (D1, S0)), homeomorphic to 3-sphere S3, admits a Σ4-action.
H = 〈(1234), (12)(34)〉
is one of the Sylow 2-subgroups of Σ4. It is also isomorphic to D8, the
dihedral group of order 8. For G = Σ4 or D8, the Bredon cohomology with
coefficient Q is given by
HnG(Z(K; (D
1, S0)),Q) =

Q2 for n = 0;
0 for n = 1, 2;
Q for n = 3.
Acknowledgements. The author thanks Doug Ravenel and Mingcong
Zeng for inspiring my interest in equivariant homotopy theory; and Fred
Cohen for many delightful and helpful conversations over the years.
2. Group actions on polyhedral products
Definition 2.1. i) Let K denote an abstract simplicial complex with
m+1 vertices labeled by the set [m] = {0, 1, 2, 3, · · · , m}. Thus, K
is a subset of the power set P([m]) of [m] such that for each element
σ ∈ K, we have P(σ) ⊂ K.
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ii) In particular, let ∆m = P([m]) denote the abstract simplicial com-
plex given by the full power set. We call it an m-simplex.
iii) For any element σ ∈ K, elements in σ are called vertices of σ.
iv) σ ∈ K is called a k-simplex of K if σ contains k + 1 vertices, i.e.,
|σ| = k + 1.
v) Given any subset I ⊂ [m], let KI be the full subcomplex of K
consisting of all simplices of K which have all of their vertices in I,
that is, KI = {σ ∩ I : σ ∈ K}.
Let K be the category of abstract simplicial complexes whose morphisms
are monomorphisms of simplicial complexes. and CW∗ are the category of
based CW-complexes.
Definition 2.2. Given any based CW-pair (X,A), The polyhedral product
functor of (X,A)
Z(−; (X,A)) : K → CW∗
is defined as follows:
i) Given an abstract simplical complex K with vertex set [m], for any
σ ∈ K, let
Z(σ; (X,A)) =
m∏
i=0
Yi, where Yi =
{
X, if i ∈ σ;
A, if i ∈ [m]− σ.
with Z(∅; (X,A)) = Am+1.
ii) The polyhedral product with respect to K is
Z(K; (X,A)) =
⋃
σ∈K
Z(σ; (X,A)) = colim
σ∈K
Z(σ; (X,A)).
Example 2.1. Let K = ∆m, then
Z(K; (X,A)) = Xm+1
is the cartesian product of X and
Z(∂K; (D1, S0)) = Sm, Z(∂K; (D2, S1)) = S2m+1.
are both spheres.
More generally, for a manifold X with boundary A. The polyhedral
product is Z(∂K; (X,A)) = ∂Xm+1.
Example 2.2. [8] Let Kn be the boundary of n-gon for n > 3, then
Z(Kn; (D
1, S0)) is a Riemann surface of genus 1 + (n− 4)2n−3.
BREDON COHOMOLOGY OF POLYHEDRAL PRODUCTS 5
Details of the above two examples could be found in [7]. The combina-
torics property of polyhedral product is closely related to the underlying
simplicial complex. For instance, if there is a group G acting on the under-
lying abstract simplicial complex K, then it naturally induces a G-action
on Z(K; (X,A)).
Definition 2.3. Let K be an abstract simplicial complex with vertex set
[m− 1]. Let G be a subgroup of Σm, the symmetric group of m letters. G
acts on K if:
i) G, as a subgroup of Σm, permutes the vertex set [m− 1];
ii) The action on vertices induces the action on the power set P([m−
1]);
iii) For any σ ∈ K and any g ∈ G, we have g · σ ∈ K, in other words,
K is also a G-set.
The maximal subgroup of Σm that acts on K is denoted by Aut(K).
Example 2.3. Here are some examples of group actions on simplicial com-
plexes.
(1) If K = ∆m or ∂∆m, then Aut(K) = Σm+1.
(2) If Kn is the boundary of n-gon, then Aut(K) = D2n, the dihedral
group of order 2n.
(3) If K is the Dynkin diagram E7 or E8, then Aut(K) = {e}, is the
trivial group.
For a topological group G, a G-space is topological space with a G-action
and a G-map is a continuous map between two G-spaces that is equivariant
under the G-actions.
Definition 2.4. A G-CW-complex X with a fixed basepoint is the union of
G-spaces Xn such that X0 is a disjoint union of orbits G/H that contains
the base point, and Xn+1 is obtained from Xn by attaching G-cells G/H×
Dn+1 along attaching G-maps G/H × Sn → Xn.
For any abstract simplicial complex K with vertex set [m], and a sub-
group G < Aut(K), G is also a subgroup of Σm+1. The polyhedral product
Z(K; (X,A)) is a subspace of Xm+1. G acts on Xm+1 by permuting coor-
dinates. And since G acts on the K. We could restrict the G-action on
Xm+1 to a well-defined G-action on Z(K; (X,A)). Moreover, if KG is the
category of abstract simplicial complexes with G-actions, and CWG∗ is the
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category of based G-CW-complexes and based G-maps, then for any given
based CW -pair (X,A), Z(− : (X,A)) is a functor:
Z(− : (X,A)) : KG → CWG∗
The G-action on Z(K; (X,A)) is not a free G-action. Let ∆(A) be the
image of A under the diagonal map
∆ : X → Xm+1,
and Z(K; (X,A))G be the fixed point set under G-action. We have the
following lemma:
Lemma 2.1. Let K be an abstract simplicial complex with vertex set [m]
and (X,A) a based CW-pair and G < Aut(K). The subgroup G acts on
Z(K; (X,A)). Then
∆(A) ⊂ Z(K; (X,A))G.
Proof. The diagonal∆(A) is always fixed under permuting coordinates. 
The group action on polyhedral product Z(K; (X,A)) we just defined is
not the only group action on it. For example, if (X,A) is a H-CW-pair for
a group H , then Z(K; (X,A)) admits an H ≀ G-action where H ≀ G is the
wreath product of the group H with the group G. We will discuss other
group actions on polyhedral products in later papers.
In the computation of the Bredon cohomology of Z(K; (X,A)) with G-
actions, one crucial information is fixed point set Z(K; (X,A))H for every
subgroup H < G. In general, it might be too difficult to give a complete
description of those fixed point sets for an arbitrary G-space. However, for
polyhedral product, we have such a description.
Definition 2.5. Let K be an abstract simplicial complex and G < Aut(K)
with vertex set [m]. The strong quotient of K with respect to G, denoted
by K//G, is another simplicial complex defined as follows:
i) Let OG be the set of orbits of vertices of K under the group action
G. And denote the number of vertex obrits that do not contained
in K by kG = |OG −K|.
ii) Let VG be the set of orbits contained in K, i.e. VG = OG ∩K.
iii) The map q : [m]→ V is the natural projection.
iv) Define q̂ : K → P(OG) by following:
For any σ ∈ K,
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a) If there exists some v ∈ OG such that v ∩ σ 6= ∅ and v 6⊂ σ,
then q̂(σ) = ∅;
b) Otherwise, σ is a union of several orbits, q̂(σ) = {v ∈ OG : v ⊂
o} is the set of all orbits contained in σ.
v) Let S be the set of orbits of K under G-action. An element in S is
donoted by σ where σ ∈ K is the orbit representative.
vi) The image q̂(σ) := q̂(σ) is a subset of VG. It is well-defined since G
acts on Aut(K).
vii) Define K//G := {q̂(σ) : σ ∈ S, and q̂(σ) ⊂ VG} is the abstract
simplicial complex with vertex set VG.
Example 2.4. Let K = ∆m, then Aut(K) = Σm+1. For any G < Aut(K),
K//G = ∆k, for some k ≤ m.
The formula for the fixed point set using the strong quotient is given
next.
Theorem 2.2. Let K be an abstract simplicial complex with vertex set [m]
and (X,A) a based CW-pair. For any subgroup G < Aut(K), G acts on
Z(K; (X,A)). Then
Z(K; (X,A))G = Z(K//G; (X,A))×AkG .
Proof. For any vertex k ∈ [m], consider the orbitsG·k. For any (x0, · · · , xm) ∈
Z(K; (X,A))G, we have xi = xk for any i ∈ G · k. Hence the fixed points
contain in the intersection of Z(K; (X,A)) with the diagonal images cor-
responding to all the vertex orbits G · k for k ∈ [m].
(1) If G · k /∈ K, then xk has to be contained in A. And the orbit G · k
corresponds to one copy of A in the final fixed point set.
(2) If G · k ∈ K, then xk could be any point in X. And the G · k
corresponds to an one vertex in K//G.
Depend on whether G · k belongs to K or not, we could identify the in-
tersection of diagonal images corresponding to a the vertex orbits G · k
by its homeomorphic image X or A. On the level of simplicial complex,
this identification corresponds to collapse the simplicial complex K with
respect to the vertex orbits OG and omitting all the orbits that not contain
in K, which gives the strong quotient V//G. Finally, we have
Z(K; (X,A))G = Z(K//G; (X,A))×AkG .
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
Corollary 2.3. Consider the real moment-angle complex Z(K; (D1, S0))
with G-action. Then the fixed point set Z(K; (D1, S0))G is a disjoint union
of 2k’s copies of a different real moment-angle complex Z(K//G; (D1, S0))
for some k.
We are going to give several examples, starting with the trivial ones.
Example 2.5. As in Example 2.4, let K = ∆m, for any G < Aut(K),
K//G = ∆k
for some k ≤ m. Meanwhile Z(K; (X,A)) = Xm+1 and Z(K//G; (X,A)) =
Xk+1. In the particular setting, Theorem 2.2 reduces to the case of fixed
point sets of a product space Xm+1 under the swapping action.
0
1
2 3
Figure 1.
Example 2.6. Let K be the simplicial complex given by Figure 1. Then
Z(K; (X,A)) = (X ×X ×A×A)∪ (X ×A×X ×A)∪ (X ×A×A×X).
Let G = C3 be the cyclic group of order 3. The group G acts on K by
sending 1→ 2→ 3→ 1 and fixing 0. Then K//G is a single vertex. And
Z(K; (X,A))G = Z(K//G; (X,A))× AkG = X ×A.
Example 2.7. Let K be the simplicial complex given by Figure 2. More
specifically,
K = {{0}, {1}, {2}, {3}, {4}, {5},
{0, 1}, {1, 2}, {0, 2}, {3, 4}, {4, 5}, {3, 5}, {0, 3}, {1, 4}, {2, 5},
{0, 1, 2}, {3, 4, 5}}.
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0
1
2
3
4
5
Figure 2.
Let G = C3 be the cyclic group of order 3. Define the G-action on K by
sending 0 → 1 → 2 → 0 and 3 → 4 → 5 → 3. Then the strong quotient
K//G = ∂∆1. And
Z(K; (X,A))G = Z(K//G; (X,A))× AkG = (X × A) ∪ (A×X).
One interesting examples is the symmetric group Σn+1 acts on spheres
Sn. Let K = ∂∆n be the boundary of n-simplex. Then we have Aut(K) =
Σn+1. The polyhedral product Z(K; (D
1, S0)) = Sn is an n-sphere. Let G
be any subgroup of Aut(K). Then G acts on Sn through the polyhedral
product structure. Let V be the set of orbits in the vertex set [n]. There
are two possibilities:
(1) There is only one orbit, i.e., V = {[n]}, then K//G = ∅ and
Z(K; (D1, S0))G = S0.
(2) There are k orbits for some k > 1, then each orbits σ ∈ V is a
proper subset of [n] that contained in K. Hence K//G = ∂∆k−1.
Moreover, Z(K; (D1, S0))G = Z(K//H ; (D1, S0)) = Sk−1.
Corollary 2.4. Consider the n-sphere Sn defined by Z(K, (D1, S0)) where
K = ∂∆n. It admits a Σn+1-action. For any subgroup G < Σn+1, the fixed
point set is a k-sphere Sk for some k ≤ n. In particular, k = n if and only
if the subgroup G is the trivial group. 
Let X be a G-space and H is a subgroup of G. The Weyl group WH for
a subgroup H < G, is given by
WH = NG(H)/H,
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where NG(H) is the normalizer of H in G. The Weyl group WH acts on
the fixed point set XH naturally. In fact, for any [g] ∈ WH , let g be its
representative in NG(H). Then for any x ∈ X
H and h ∈ H ,
h.(g.x) = g.(g−1hg.x) = g.x
For the purpose of computing Bredon cohomology of polyhedral prod-
ucts, we are interested in the homology of the fixed point sets as well as the
Weyl group action on the homology. For the examples we have discussed
above, especially for the sphere case, since we know that the fixed point set
is a lower dimension sphere. We could obtain the homology by counting
vertex orbits. But in general, it is a difficult task to compute the homology
of certain polyhedral products and apply Künneth formula. Bahri, Ben-
dersky, Cohen and Gitler develop several tools in computing cohomology of
polyhedral product. In [4], the authors construct a filtration of polyhedral
product.
Definition 2.6. Let K be a simplicial complex with m + 1 vertices. ∆m
is filtered by the left lexicographical ordering of all faces. Then filter K by
Ft(K) = K ∩ Ft(∆
m),
and
Ft(Z(K; (X,A))) = Z(Ft(K); (X,A)).
Using this filtration, there are natural spectral sequences to compute
homology and cohomology of Z(K; (X,A)).
In another paper [3], the authors give the stable decomposition of poly-
hedral product,
Theorem 2.5 ([3]). Let (X,A) be connected, pointed CW-pairs, and K
is an abstract simplicial complex with vertex set [m]. we have a pointed
homotopy equivalence
f : Σ(Z(K; (X,A)))→ Σ(
∨
I⊂[m]
Zˆ(KI ; (X,A)))
where Zˆ is the polyhedral smash product and KI is the largest subcomplex
of K that contains I.
Later in [1], Al-Raisi shows that the stable decomposition of a polyhe-
dral product is also equivariant under the group action we defined in the
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beginning of this section. Therefore stable decomposition provide a general
method to compute the Weyl group action on the homology of the fixed
point set.
For example, the inclusion
Z(K; (X, ∗)) ⊂ Xm
induces an Aut(K)-equivariant epimorphism
H∗(Xm)→ H∗(Z(K; (X, ∗))).
3. Bredon coefficient systems
Definition 3.1. The canonical orbit category of group G, denoted by OG,
is the category whose objects are G-spaces G/H and morphisms are G-
maps.
There is a G-map f : G/H → G/K if and only if gHg−1 < K. Notice
that if f(eH) = gK for some G ∈ G, then
eK = f(g−1H) = f(g−1hg · g−1H) = g−1hg · f(g−1H) = g−1hg · eK
for any h ∈ H . Hence g−1Hg < K.
Definition 3.2. Let R be a commutative ring andModR be the category of
R-modules. A Bredon coefficient system over R is a contravariant functor
OG → ModR. The category of Bredon coefficient systems over R is denoted
by CRG. When R = Z, we use CG for simplicity.
Example 3.1. Given a based G-CW-complex, the n-th equvariant homo-
topy group pin(X) for n ≥ 2, is a Bredon coefficient system given by
pin(X)(G/H) = pin(X
H)
Example 3.2. Let X be a G-CW-complex, we can define the cellular chain
complex of coefficient systems C∗(X), where
Cn(X)(G/H) = Hn((X
n)H , (Xn−1)H , R).
And define
Hn(X) = Hn(C∗(X)).
By a general categorical argument, the category CRG is an Abelian cate-
gory with enough injectives. So we could talk about homological algebra
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concept such as homology and cohomology of chains and cochains in this
category.
Definition 3.3. Let M be a Bredon coefficient system and X be a G-CW-
complex. Define a cochain complex
Cn(X ;M) = HomCR
G
(Cn(X),M),
Its cohomology,
H∗G(X,M) := H
∗(C∗(X ;M))
is called the Bredon cohomology of X with coefficient M . To define Bredon
homology, we need a covariant functor N : OG → ModR as a coefficient
system. Define the cellular chain by
Cn(X ;N) = Cn(X)⊗CR
G
N =
∫ G/H
Cn(X)(G/H)⊗R N(G/H)
In other word, the tensor product ⊗CR
G
is given by the coend of the two
functors. Bredon homology of X with coefficient N is given by
HGn (X,N) = Hn(C∗(X ;N))
Theorem 3.1 ([6],[10]). There are universal coefficient spectral sequences
Ep,q2 = Ext
p,q
CR
G
(H∗(X),M)⇒ H
n
G(X,M),
and
E2p,q = Tor
C
R
G
p,q(H∗(X), N)⇒ H
G
n (X,M).
3.1. Bredon coefficient systems in the language of path algebras.
Using the language of path algebra, we could also give a more “algebraic”
description of Bredon cohomology and homology. In this subsection, We
will define path algebra and give an alternative defnition of Bredon coef-
ficient systems as well as Bredon homology and cohomology. The readers
who are interested in this topic could check for more details of path algebras
and the related representation theory in the summary book [2].
Definition 3.4. A quiver Q = (V,E, s, t) is a directed graph, i.e. a graph
that associates each edge a direction, where V is the set of vertices and E
is the set of edges along with two maps s, t : E → V that for each edge
α ∈ E, the images s(α) and t(α) are the source and target of the edge α
respectively.
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Example 3.3. A small category C is naturally a quiver whose objects and
morphisms are vertices and edges of the quiver respectively. We denote the
quiver associated with C by QC.
Definition 3.5. For any quiver Q = (V,E, s, t), the set of paths of Q,
denoted by PQ, consists of the following elements:
i) For each vertex v ∈ V , there is a trivial path ev, and set s(ev) =
t(ev) = v;
ii) All the finite sequences αnαn−1 · · ·α1 where αi ∈ E for each i and
t(αk) = s(αk+1) for k = 1, 2, · · · , n − 1. In other word, an actual
path on the quiver.
Moreover, we can define a multiplication ◦ on PQ. For any two paths
αnαn−1 · · ·α1, βmβm−1 · · ·β1 in PQ,
αn · · ·α1 ◦ βm · · ·β1 =
{
αn · · ·α1βm · · ·β1 if t(βm) = s(α1),
0 otherwise.
Definition 3.6. Let R be a commutative ring, the path algebra RQ is an
associative algebra with basis PQ whose multiplication is linearly induced
by the multiplication ◦ on PQ over R. In addition, if V is an finite set, then
the algebra RQ has a multiplicative identity
1RQ =
∑
v∈V
ev,
and these ev’s are idempotents of RQ.
Example 3.4. Let Q be the quiver given by Figure 3. Then over a field k,
the path algebra kQ is a k-algebra of dimension n
2+n
2
. And it is isomorphic
to the algebra of n× n upper triangular matrices over k.
1 2 3 n-1 n
Figure 3.
Definition 3.7. A relation of a quiver Q is a subspace of RQ spanned
by linear combinations of paths having a common source and a common
target. Let S be a set of relations of Q. The path algebra with relation S,
denoted by RQS is RQ/IS where IS is the two-sided ideal generated by S.
14 Q. ZHU
For an algebra A over R, Let ModA be the category of right-A-modules
and AMod be the category of left-A-modules.
Lemma 3.2. If G is a finite group, the canonical orbit category OG is a
small category with finitely many objects. Let Q = QOG be the quiver asso-
ciated with OG. And S is the set of relations given by the equivalences of
morphisms in the category OG. Then a Bredon coefficient system is natu-
rally a right-RQS-module. And there is an equivalence of Abelian categories
C
R
G → ModRQS . A covariant functor N : OG → ModR is naturally a left-
RQS-module and the coend of two such functors is the tensor product of a
right RQS-module with a left RQS-module over RQS.
Example 3.5. Let G = C2, the cyclic group of order 2. the canonical orbit
category is shown in Figure 4. The path algebra with relations corresponds
to OG has dimension 5, and a basis is given by {eC2/C2 , eC2/0, α, β, βα}.
Notice that the loop β is given by the Weyl group action. And since the
Weyl group for trivial group is the whole group C2, then set of relations in
this case is {β2}.
C2/0
C2/C2
α
β
Figure 4. Canonical orbit category of C2
3.2. Reduced Bredon coefficient systems. In order to compute Bredon
cohomology, we need to reduce the Bredon coefficient systems as simply as
possible. Since the conjugation of subgroups in G induces isomorphisms in
the canonical orbit category OG, it is enough that we just consider one sub-
group of G for each conjugate class to obtain a category which is equivalent
to OG but with fewer objects. In explicit, Let ÔG be the fully subcategory of
OG whose object set consists one and only one object for each isomorphism
class in OG. This definition is not canonical, but widehatOG is unique up
to category equivalence.
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We define a reduced Bredon coefficient system over a commutative ring
R to be a contravariant functor
M : ÔG → ModR.
The following lemma follows immediately from the definition.
Lemma 3.3. The category of reduced Bredon coefficient systems over R is
equivalent to CRG.
Therefore in the future discussion, we will only talk about reduced Bre-
don coefficient system and reduced canonical orbit category. In order to
simplify the notation, denote the reduced canonical orbit category again
by OG.
Example 3.6. Let G = Σ3, the (reduced) canonical orbit category is
shown in Figure 5. Notice that σ, τ are the generators of the Weyl group
W{e} = Σ3 and ι is the generator of W 〈(123)〉 = Z2. The set of relations
is {βα− δγ, ι2, σ3, τ 2, τστ − σ2, στσ − τ}.
Σ3/{e}
Σ3/〈(123)〉
Σ3/〈(12)〉
Σ3/Σ3
α
β
γ
δ
σ
τ
ι
Figure 5.
4. Bredon cohomology over Q
In order to apply the universal coefficient spectral sequence, we need to
find an injective resolution for a given coefficient system. However, it could
be a difficult task. It is not known to the author whether there is a general
method to construct an injective resolution for any coefficient system over
16 Q. ZHU
integers. However, over Q, Doman in [9] constructed the injective envelope
for any Bredon cefficient system over rationals.
Definition 4.1. For any subgroup H < G, let VH be a left Q(WH)-
module, define a Bredon coefficient system I(VH) by
I(VH)(G/K) = HomQ(WH)(Q((G/K)
H), VH).
For a G-map f : G/K → G/K ′, the map f : Q((G/K)H) → Q((G/K ′)H)
is induced by f . Then
I(VH)(f) : I(VH)(G/K
′)→ I(VH)(G/K)
is defined by I(VH)(f)(g) = g ◦ f where g ∈ I(VH)(G/K
′).
Lemma 4.1 ([9]). The coefficient system I(VH) is an injective object in
the category CQG.
Moreover, the injective coefficient system I(VH) could be used to con-
struct an injective envelope for any Bredon coefficient M over Q. Let
V{e} = M(G/{e}). And in general, let
VH =
⋂
K<H
KerM(fK,H)
where fK,H : G/K → G/H is the projection in the canonical orbit category.
Theorem 4.2 ([9]). For any coefficient system M over Q, the map f :
M → ⊕I(VH) is an injective envelope of M , where the direct sum is over
all conjugate classes of G.
Corollary 4.3. The global (injective) dimension of CQG is less than L − 1
where L is the largest length of subgroup chains in G.
The fixed point set theorem which we obtained in section 1 give us the ac-
cess to H∗((Z(K; (X,A)))), the coefficient system defined by the homology
of fixed point sets. Meanwhile Doman’s result provide a general method to
find a injective resolution for a rational Bredon coefficient system. Com-
bine those, we have the both parts of the inputs of the universal coefficient
spectral sequence for Bredon cohomology, at least for some examples. Let
K = ∂∆3, the the automorphism group of K is Aut(K) = Σ4. The poly-
hedral product Z(K; (D1, S0)) is homeomorphic S3 with a Σ4-action. We
will compute the Bredon cohomology of Z(K; (D1, S0)) for groups Σ4 and
D8(as the Sylow 2-subgroup of Σ4).
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Let Q be the constant Q coefficient system.
Lemma 4.4. The constant coefficient system Q is injective.
Proof. Take H = {e}, it follows thatWH = G and (G/K)H = G/K. Then
for trivial WH-module VH = Q, we have
HomQ(WH)(Q(G/K), VH) = Q.
Hence I(VH) = Q. 
Corollary 4.5. The universal coefficient spectral sequence
Ep,q2 = Ext
p,q
CR
G
(H∗(X),Q)⇒ H
n
G(X,Q),
collapses at E2-page. Therefore
HnG(X,Q) = HomCQ
G
(Hn(X),Q).
4.1. Computation for D8. The standard presentation of the dihedral
group of order 8 is given by
G = D8 = 〈σ, τ : σ
4 = τ 2 = e, τστ = σ−1〉.
The (reduced) canonical orbit category is shown in the left diagram of
Figure 6. Notice that the Weyl group actions are not drawn in the figure.
W{e} = G, W 〈σ2〉 = Z2 × Z2, WG = 0 and all other subgroups has Weyl
group Z2. For the convenience of later reference we name the objects in
OG as in the right diagram of Figure 6.
By Corollary 2.4 and the argument before it, the fixed points of S3 for
any subgoup H < D8 is given by Figure 7. We need to compute the Q-
dimension of the homomorphism groups between coefficient systems in the
category CQG. Notice that a homomorphism between two coefficient systems
M and N is a collection of Q-linear maps
fi :M(i)→ N(i)
that makes the full diagram commute, like in Figure 8. The following is a
trivial but handy lemma in the computation the homomorphism groups.
Lemma 4.6. Let M and N be two Q-spaces, if we have the following
commutative diagram
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G/{e}
G/〈σ2〉
G/〈τσ〉 G/〈τ〉
G/〈σ〉G/〈τσ, σ2〉 G/〈τ, σ2〉
G/G
0
2
1 3
54 6
7
Figure 6. OD8
S3
S1
S2 S1
S0S1 S0
S0
Figure 7. Fixed point set of S3 with D8-action
N
M
S
R
g
f
h k
Then we have
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i) The map f = 0, if g = 0 and k is an isomorphsim.
ii) The map f is uniquely determined by g if h and k are isomorphisms.
iii) The map f is uniquely determined by h if g and k are isomorphisms.

Firstly, let us compute
H0D8(Z(K; (D
1, S0)),Q) = Hom
C
Q
G
(H0(Z(K; (D
1, S0)),Q).
The commutative diagram is shown in Figure 8.
Q
Q
Q Q
Q2Q Q2
Q2
Q
Q
Q Q
QQ Q
Q
f0
f1
f2
f3
f4
f5
f6
f7
Figure 8. Hom
C
Q
G
(H0(Z(K; (D
1, S0)),Q)
(1) Starting from the map f0, it could be any r ∈ Q;
(2) Then by Lemma 4.6, f1, f2 and f3 are uniquely determined by f0;
Q
Q
Q
Q
f0 = r
f1
1 1
(3) The map f4 is uniquely determined by f2;
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Q
Q
Q
Q
f2
f4
1 1
(4) The maps f5 and f6 are uniquely determined by f2 if f2 = f0 = r 6=
0;
Q
Q2
Q
Q
f2 = r
f5
(1,−1) 1
(5) We have f5 = (s, s) and f6 = (t, t) if f2 = r = 0 for some s, t ∈ Q;
Q
Q2
Q
Q
f2 = 0
f5 = (s, s)
(1,−1) 1
(6) The map f7 is uniquely determined by f5. similarly, it is also
uniquely determined by f6. Hence we have s = t.
Q2
Q2
Q
Q2
f5, f6
f7
Id 1
(7) In summary, there are two free variables.
Hom
C
Q
G
(H0(Z(K; (D
1, S0)),Q) = Q2.
Secondly, we move on to compute
H1D8(Z(K; (D
1, S0)),Q) = Hom
C
Q
G
(H1(Z(K; (D
1, S0)),Q).
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0
Q
0 Q
0Q 0
0
Q
Q
Q Q
QQ Q
Q
f2
f3
f4
Figure 9. Hom
C
Q
G
(H1(Z(K; (D
1, S0)),Q)
The commutative diagram is shown in Figure 9. The possibly nonzero
maps are f2, f3 and f4. However, by Lemma 4.6, f2 = f3 = f4 = 0.
0
Q
Q
Q
f2
1
We have
Hom
C
Q
G
(H1(Z(K; (D
1, S0)),Q) = 0.
Thirdly, let us compute
H2D8(Z(K; (D
1, S0)),Q) = Hom
C
Q
G
(H2(Z(K; (D
1, S0)),Q).
The commutative diagram is shown in Figure 10.
Again, by Lemma 4.6, f1 = 0.
Finally, for
H3D8(Z(K; (D
1, S0)),Q) = Hom
C
Q
G
(H3(Z(K; (D
1, S0)),Q) = Q.
Since the map f0 : Q → Q could be any rational number. The commutative
diagram is shown in Figure 11.
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0
0
Q 0
00 0
0
Q
Q
Q Q
QQ Q
Q
f1
Figure 10. Hom
C
Q
G
(H2(Z(K; (D
1, S0)),Q)
Q
0
0 0
00 0
0
Q
Q
Q Q
QQ Q
Q
f0
Figure 11. Hom
C
Q
G
(H3(Z(K; (D
1, S0)),Q)
4.2. Computation for G = Σ4. Now let us consider the full automor-
phism group Σ4 = Aut(∂∆
3). It is the symmetric group of degree 4. The
computation for Bredon cohomology is almost the same but with one more
layer of subgroups. The canonical orbit category is shown in the left dia-
gram in Figure 12. W0 = G, W 〈σ2〉 = Z2 × Z2, WG = WD8 = Wσ3 = 0
and all other subgroups has Weyl group Z2. Again, for the convenience
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of future reference, we name the objects in OG as in the right diagram of
Figure 12.
G/{e}
G/〈σ2〉G/〈τσ〉 G/〈τ〉
G/〈σ〉G/〈τσ, σ2〉 G/〈τ, σ2〉
G/D8 G/A4
G/G
G/〈(123)〉
G/Σ3
0
2
1 3
54 6
7
10
11
8
9
Figure 12. CΣ4
Similar to D8 case, we have the fixed point data for any subgroup of G,
shown in Figure 13.
S3
S1
S2 S1
S0S1 S0
S0 S
0
S0
S1
S1
Figure 13. Fixed point set of S3 with Σ4-action
Firstly, forH0Σ4(Z(K; (D
1, S0)),Q) = Hom
C
Q
G
(H0(Z(K; (D
1, S0)),Q). The
commutative diagram is shown in Figure 14.
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Q
Q
Q Q
Q2Q Q2
Q2
Q2
Q2
Q
Q
Q
Q
Q Q
QQ Q
Q
Q
Q
Q
Q
Figure 14. Hom
C
Q
G
(H0(Z(K; (D
1, S0)),Q)
(1) The map f0 could be any r ∈ Q.
(2) The maps f1, f2, f3 and f8 are uniquely determined by f0.
(3) The maps f4 is uniquely determined by f2.
(4) The maps f9 is uniquely determined by f8.
(5) The maps f5, f6 are uniquely determined by f2 if r 6= 0.
(6) If r = 0, f5 = f6 = f7 = (s, s) for some s ∈ Q.
(7) The map f10 is uniquely determined by f6.
(8) The map f11 is uniquely determined by f7 or f10. And since f7 =
f10 = (s, s), hence there is no further restriction on s.
(9) In summary,
Hom
C
Q
G
(H0(Z(K; (D
1, S0)),Q) = Q2.
Secondly, for
H1Σ4(Z(K; (D
1, S0)),Q) = Hom
C
Q
G
(H1(Z(K; (D
1, S0)),Q),
the commutative diagram is shown in Figure 15.
(1) By Lemma 4.6, we have f2 = f4 = f8 = 0.
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0
Q
0 Q
0Q 0
0
0
0
Q
Q
Q
Q
Q Q
QQ Q
Q
Q
Q
Q
Q
Figure 15. Hom
C
Q
G
(H0(Z(K; (D
1, S0)),Q)
0
Q
Q
Q
f2
1
(2) Then f9 has to be 0 as well.
Q
Q
Q
Q
f9
1
f8 = 0
(3) Hence
Hom
C
Q
G
(H1(Z(K; (D
1, S0)),Q) = 0.
For n = 2, 3, the computation is exactly the same as in D8 case. Hence we
have the same result as well.
Summarize all the computation above, we have the following theorem.
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Theorem 4.7. Let K be the boundary of 3-simplex, the 3-sphere S3 =
Z(K; (D1, S0)) defined by the polyhedral product admits a Σ4-action.
H = 〈(1234), (12)(34)〉
is one of the Sylow 2-subgroups of Σ4. It is also isomorphic to D8, the
dehidral group of order 8. For G = Σ4 or D8, the Bredon cohomology with
coefficient Q is given by
HnG(Z(K; (D
1, S0)),Q) =

Q2 for n = 0;
0 for n = 1, 2;
Q for n = 3.

4.3. Computation towards general examples. Finally let us try to
compute an example for a coefficient system M where M is not injective.
Again let K = ∂∆3 and Z(K; (D1, s0)) is the 3-sphere that admits a Σ4-
action. We are going to restrict ourselves to G = D8 case for this example.
Consider the 1-dimension coefficient system M given by Figure 16.
Q
0
0 0
00 0
0
Figure 16. M
By Theorem 4.2, M admits an injective resolution
0→M → Q→ I1 → I2 → 0
The two new invectives I1 and I2 is given by Figure 17 and Figure 18.
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0
Q
Q Q
QQ2 Q2
Q3(
1 0 0
0 1 0
) (
0 1 0
0 0 1
)
(1, 0) (0, 1)
(0, 1) (1, 0)
1
(0, 1, 0)
Figure 17. I1
0
0
0 0
0Q Q
Q2
(1, 0) (0, 1)
Figure 18. I2
We are going to compute the E2-page of the universal coefficient spectral
sequence
Ep,q2 = Ext
p,q
CR
G
(H∗(Z(K, (D
1, S0))),M)
Notice that we have just computed the q = 0 row in Section 4.1.
4.3.1. q = 1 row. The map between H0(Z(K; (D
1, S0))) and I1 is given in
Figure 19.
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Q
Q
Q Q
Q2Q Q2
Q2
0
Q
Q Q
QQ2 Q2
Q3
f1
f2
f3
f4
f5
f6
f7
Figure 19. Hom
C
Q
G
(H0(Z(K; (D
1, S0)), I1)
(1) We first assume f1 = s, f2 = t, f3 = r.
(2) Next we set f4 = (a1, a2)
T , then by the commutative diagram
Q
Q
Q
Q2
(a1, a2)
T
(1, 0)
f1 = s
1
we have a1 = s. And by another commutative diagram
Q
Q
Q
Q2
(a1, a2)
T
(0, 1)
f2 = t
1
we have a2 = t. Hence f4 = (s, t)
T .
(3) Next consider f5, by the commutative diagram
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Q
Q2
Q
Q
f5
1
f2 = t
(1,−1)
we have f5 = (t,−t).
(4) For f6, assume that
f6 =
(
b1 b2
b3 b4
)
.
From the commutative diagram
Q
Q2
Q
Q2
f6
(1, 0)
f2 = t
(1,−1)
we conclude that b1 = t and b2 = −t. Similarly b3 = r and
b4 = −r. Hence
f6 =
(
t −t
r −r
)
.
(5) Finally for f7, assume that
f7 =
 c1 c2c3 c4
c5 c6
 .
From the commutative diagram
Q
Q2
Q2
Q3
f7 (
1 0 0
0 1 0
)
f4
(1,−1)
we have c1 = s, c2 = −s, c3 = t and c4 = −t. From the commu-
tative diagram
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Q2
Q2
Q2
Q3
f7 (
0 1 0
0 0 1
)
f6
Id
we have c5 = r, c6 = −r. Hence
f7 =
 s −st −t
r −r
 .
(6) In summary, there are three free variables in total and
Hom
C
Q
G
(H0(Z(K; (D
1, S0)), I1) = Q
3.
The map between H1(Z(K; (D
1, S0))) and I1 is given in Figure 20.
0
Q
0 Q
0Q 0
0
0
Q
Q Q
QQ2 Q2
Q3
f2
f3
f4
Figure 20. Hom
C
Q
G
(H1(Z(K; (D
1, S0)), I1)
(1) First we assume f2 = s, f3 = t and f4 = (a, b)
T
(2) From the following two commutative diagrams
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0
Q
Q
Q2
f4
(1, 0)
Q
Q
Q
Q2
f4
(0, 1)
f2 = s
1
we conclude that f4 = (0, s)
T .
(3) In summary,
Hom
C
Q
G
(H1(Z(K; (D
1, S0)), I1) = Q
2.
The map between H2(Z(K; (D
1, S0))) and I1 is given in Figure 21.
0
0
Q 0
00 0
0
0
Q
Q Q
QQ2 Q2
Q3
f1
Figure 21. Hom
C
Q
G
(H2(Z(K; (D
1, S0)), I1)
Hence
Hom
C
Q
G
(H2(Z(K; (D
1, S0)), I1) = Q.
Moreover, we have
Hom
C
Q
G
(H3(Z(K; (D
1, S0)), I1) = 0.
because there is no possible nonzero maps.
4.3.2. q = 2 row. The map between H0(Z(K; (D
1, S0))) and I2 is given in
Figure 22.
(1) Firstly we assume that f4 = r and f6 = (s, t).
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Q
Q
Q Q
Q2Q Q2
Q2
0
0
0 0
0Q Q
Q2
f4 f6
f7
Figure 22. Hom
C
Q
G
(H0(Z(K; (D
1, S0)), I2)
(2) From the following two commutative diagrams
Q
Q2
Q
Q2
f7
(1, 0)
r
(1,−1)
Q2
Q2
Q
Q2
f7
(0, 1)
(s, t)
Id
We have
f7 =
(
r −r
s t
)
.
(3) In summary,
Hom
C
Q
G
(H0(Z(K; (D
1, S0)), I2) = Q
3.
The map between H1(Z(K; (D
1, S0))) and I2 is given in Figure 23.
Hence
Hom
C
Q
G
(H1(Z(K; (D
1, S0)), I2) = Q.
Finally we have
Hom
C
Q
G
(H2(Z(K; (D
1, S0)), I2) = HomCQ
G
(H3(Z(K; (D
1, S0)), I2) = 0.
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0
Q
0 Q
0Q 0
0
0
0
0 0
0Q Q
Q2
f4
Figure 23. Hom
C
Q
G
(H1(Z(K; (D
1, S0)), I2)
because there is no possible nonzero maps. Combine the computation in
this section, the E2-page of the universal spectral sequence
Ep,q2 = Ext
p,q
CR
G
(H∗(Z(K, (D
1, S0))),M)
is given by the follow diagram. We only write the dimension for each Q-
vector spaces.
2 0 0 1
3 2 1 0
3 1 0 0
Figure 24. Extp,q
CR
G
(H∗(Z(K, (D
1, S0))),M)
Notice that there are two possible d2 differentials and one possible d3
differential. In addition, we have
H1G(Z(K; (D
1, S0)),M) = Q3 6= H1G(Z(K; (D
1, S0)),Q).
And
dimQH
2
G(Z(K; (D
1, S0)),M) ≥ 3
34 Q. ZHU
Hence
H2G(Z(K; (D
1, S0)),M) 6= H2G(Z(K; (D
1, S0)),Q).
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